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Recap: From Local to Global Correctness:
Kleene Iteration

1

Abstract Domain

!
\4
Concrete Domair@




Recap: Fixpoint Transfer Theorem

Let (L, &) and (L* ,&") be two lattices, " : L* ! L a
monotone function, and F : L ! L and F* ! F* two
monotone functions, with

WCLE I ER ) # RCOY)).

Then: \

) Local Correctness
Ifp F & "(lfp F™).

—_/\
Global Correctness




Overview: Numerical Abstractions
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Overview: Numerical Abstractions
Signs (Cousot & Cousot, 1979)



Overview: Numerical Abstractions
Intervals (Cousot & Cousot, 1976)
Raxes

[z €[19, 77
LY € [20, 03]




Overview: Numerical Abstractions
Octagons (Mine, 2001)

1<z<9
z+y <77
1<y<9
z—vy <99




Overview: Numerical Abstractions
Polyhedra (Cousot & Halbwachs, 1978)

19z + 77y < 2004
20z +03y > 0

! EXxpensive!



Overview: Numerical Abstractions
Simple and Linear Congruences (Granger,
1989+1991)
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IR EEEEEEEREEE: y = 20 mod 99
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lx + 9y = 7Tmod 8
e 2z — 1y = 9 mod 9




Numerical Abstractions

Which abstraction is the most precise?
Depends on questions you want to answer!




Numerical Abstractions

Which abstraction is the most precise?
Depends on questions you want to answer!




Partial Order of Abstractions

Polyhedra
Octagons Linear Congruences
Intervals Simple Congruences

N |

Constants Signs Parity



Partial Order of Abstractions

Relational domains
Polyhedra

Octagons Linear Congruences

|

]

I
K Simple Congruences

Constants Signs Parity
Independent attribute/non-relational domains




Characteristics of Non-relational Domains

o Non-relational/independent attribute
abstraction:

Abstract each variable separately
(P(2),. ) ¥ @/Ii_}{DAL,! )
Maintains no relations between variable values

o Can be lifted to an abstraction of valuations of
multiple variables in the expected way:

(P(Vars — Z), gars — P(Z),<) <z_7z> (Vars — NUMERICAL, )

as(f) := Az € Vars.a(f(z)) (%) := Xz € Varsy(f¥(x))



The Interval Domain

Abstracts sets of values by enclosing interval
INTERVAL = {[l,u] |l <u,| E@){—oo}, ue zZU{oo}tu{ L}

where < is appropriately extended from Z x Z to (Z U {—o0}) x (Z U {oo})

Intervals are ordered by inclusion:
1 Cx Vx & INTERVAL

Lu T[] ifl! <Inu<ad

(INTERVAL, C) forms a complete lattice.



Concretization and Abstraction of Intervals

o Concretization:
y(L) =0
Y([lu]) ={n €Z |l <n <u}
o Abstraction:
a(f) = L
a(S) = [inf S, sup 5]

They form a Galois connection.



Interval Arithmetic Yoyz w2
7

Calculating with Intervals:

a,b] + [e,d = [a+c¢,b+d]

a,b] — |[c,dl = |a—d,b—(]

a,b] * [c,d] = [min(ac,ad,bc,bd), max(ac,ad,be, bd]
a,b] /e d] = la,b] x[1/d,1/¢c],0 & |c, d]

L« K[l 1 e e AJec0cd
u [a 4]t (-1, 7]



Example: Interval Analysis

x=0

x! [0,3] x! [0,2] x! [01] x/! [0,0]

N 3
y! 371 y! [35] y! [33] y! botom

@ x ! [3,3]
y! [3,7]
§

x! [0,2] x! [0,1] x! [0,0]
y! [3,5] y! [3,3] y! bottom

Imprecise
x! [1,3] x! [1,2] x! [1,1] ?;Ztrgnr;?n-
/ ! [3,3 ! bottom _
y! [35] y! [33] Y el

x! [1,3] x! [1,2] x! [1,1]
y! [2,6] y! [24] y! [2,2] Would Octagons
determine that y must be

7 at program point 5?

\/:2x+f\



Intervals, Hasse diagram

Ascending chain condition [-infty, infty]
. S 7 S
IS not satisfied! e
! Kleene iteration is not 7
guaranteed to terminate! [-infty, 1]
[-infty,0]
[—infty, -1] [_111]
TS~ 7N
............................ [-2-1] [-1,0] [0,1] [1,2]

........................... 2,21 [1-1] [0,0] [LA] [2.2]  cereeeeeeeserressennns

—

|
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Example: Interval Analysis

=)

x ($ [0, 0] Neg(x < 1000)
x — [0, 1] (/@;\

1000 iterations later — X ($ [O, 1000]

Posg;zl'tf(ﬁﬂ wE—)

Vi—
2



Solution: Widening
OEnforce Ascending Chain ConditionO

\{x|xﬂlpr}

safe
but
possibly imprecise

o Widening enforces the
ascending chain
condition during analysis.

o Accelerates termination
by moving up the lattice
more quickly.

o May yield imprecise
results! .-/‘ I




Widening: Formal Requirement

A widening V is an operator V: D x D " D such that

1. Safety: xC(xVy)andyLE(xVy) mw A
2. Termination:

forall ascending chains x, t x, t ... the chain
Yo = Xo
Yier = Yi V X

IS finite.



Widening Operator for Intervals

Simplest solution:
1Ver= 2Vl =2

1, u] V[l u]

Example:

3,5
3,5
3,5

3,5

V
V
V
V

2)5
4,5
4,6

2,6

[

:—OO, 5]
3, 5]
3, 00

:_007 OO]

>
<l

|

Uu

O



Example Revisited:
Interval Analysis with Simple Widening

Standard Kleene lteration:

L<F(L)<FYL)<F°(L) <

Kleene Iteration with Wldenlng Fv( ) T=

5
X ($ [O O] (/Q—Neg(x< 1000) —»@
) Do we need to apply

X ($ [O 0 ] POS(X<1OOO) widening at all
program points?

! Quick termination but imprecise result!




More Sophisticated Widening for Intervals

Define set of jJump points (barriers) based on
constants appearing in program, e.g.:

J ={—00,0,1,1000, 00}

Intuition: ODonOt jump taBty, +infty immediately
but only to next jump point.O

Lult I u]= Comax{x#J [ x$ I :1'<

u U $u
min{Xx# J | x" u'} :u >u



Example Revisited:
Interval Analysis with Sophisticated Widening

Xx=0
* -1 < 949

X — (0,0
o] — Q=)
X — U,

X — [0,1000] [Posx=1000)] "F=575

v

2

! More precise, potentially terminates more slowly.



Another Example:
Interval Analysis with Sophisticated Widening

x=0
X +— [0, 0]
X — [0, 1] </|P OS(?;)TGQ(X<1OOO) ()
X > [0, 1000]
y %82, 2]
y %&2, 1000}« () Would be [2, 2000] in
o2 - S
in the program!




Narrowing:
Recovering Precision

o Widening may yield
Imprecise results by
overshooting the least
fixed point.

o Narrowing is used to
approach the least
fixed point from above.

Possible problem: infinite descending chains
Is it really a problem?

{x|xJlip F}

N

How can we
safely move
down the
lattice?




Narrowing:
Recovering Precision

Widening terminates at a point x 2 Ifp F.
We can iterate:

Xq = X

Xisp = FOG) X

Safety:
By monotonicity we know F(x) 2 F(lfp F) = Ifp F.
By induction we can easily show that x; < Ifp F for all i.

Termination:
Depends on existence of infinite descending chains.



Narrowing: Formal Requirement

A narrowing # is an operator # : D x D " D such that
1. Safety:|ICxandICy > IC(x#y)LX
2. Termination:

for all descending chains x, 2 X; < ... the chain

Yo = X
Yier = Yi# Xy
IS finite.

s (OmeetO) a narrowing operator on intervals?



Another Example Revisited:
Interval Analysis with Widening and Narrowing

Result after Widening: @ Result after Narrowing:

X > [0, 0] I X %&1000, 1000]
Neg(x < 1000 T

X O’ 1] //Pos(x<1000) g @ y 0/&3’ 2001

X +— [0, 1000)] ; y+1 X %&0, 999]
/ X 0/(@OOO]

y %d2, 2] yzz*x

y %&2, 1000}« — |

V%82 ] y %&2, 2000]

I Precisely the least fixed point!

e ——




Applications of Numerical Domains

As input to other analyses:
o Cache Analysis
o Dependencies between memory accesses

Loop Bound Analysis:

o Instrument program with loop iteration
counters

o Determine maximal value of counter
o Requires relational analysis



Reduction:
Loop Bound Analysis to Value Analysis

<
< 1]
@ : ° ¢
8 <
ol

e Instrument program
y=42 with counters of loop
e ?teratior_ls and other o=
/ interesting events lefic = 0
rightc = 0

Oy

> /ZS(X <y)

loopc++

[
1l
<
X

b = M[x+1]

Neg(a<b) Pos(a<b) Neg(a<b)
X = X+1 leftc++ rightc++
X = X+2 X =x+1

] L |



Summary

o Interval Analysis:
A non-relational value analysis

o Widenings for termination in the presence of
Infinite Ascending Chains

o Narrowings to recover precision

o Basic Approach to Loop Bound Analysis based
on Value Analysis



Outlook

o Cache Abstractions

o Schedulability Analysis

o Cache-Related Preemption Delay
o Predictable Microarchitectures



