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Recap I: Galois Connections and Best 
Abstract Transformer 
Notion of Galois connections: 

Proof. By the ascending chain condition the sequence

?, f(?), f2
(?), . . . must eventually stabilize. So for some

n, f

n
(?) is a fixed point of f . It is also the least fixed point:

We show by induction over n that f

m
(?)  lfpf . Clearly,

f

0
(?) = ?  lfpf . Then, our induction hypothesis is that

f

m
(?)  lfpf . By monotonicity, we also get f

m+1
(?) 

f(lfpf) = lfpf , which concludes the proof.
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8
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> : |A| � 2

x : A = {x}
? : A = ;

[[statement]] ✓ States⇥ States

[[statement]] : P(States)! P(States)

[[statement]](S) := {s0 | 9s 2 S : (s, s

0
) 2 [[statement]]}

[[statement]]

#
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0

{a} {b} {a ⇤ b}

Sets of concrete states:

States

States = (Vars! int)⇥ (N! int)

States = (Vars! Z)⇥ (N! Z)

Definition 1 (Galois connection).

Let (L, ) and (M , v) be partially ordered sets and ↵ 2
L!M , � 2M ! L. We call (L,) ���! ���↵

�
(M,v) a Galois

connection if ↵ and � are monotone functions and

l  �(↵(l))

↵(�(m)) v m

for all l 2 L and m 2M .

Fixpoint transfer theorem:

Local consistency:

Let (L,) and (L

#
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) be two lattices, � : L

# ! L a

monotone function, and F : L ! L and F

# ! F

#
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monotone functions, with
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#
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Figure 1: Galois connection (L,) ���! ���↵
�

(M,v).
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Graphically: 

Why monotone? 

For soundness. 

For precision. 



Galois connections: Properties 
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Graphically: 

Properties: 
1)  Can be used to systematically construct correct (and in fact the 

most precise) abstract operations:  
2)  a) Abstraction function uniquely determines concretization function 
     b) Concretization function uniquely determines abstraction function 
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Example reachability semantics:

\
Reach(1) = [[labeling(start, 1)]]

#
(

\
Reach(start)) t [[labeling(2, 1)]](

\
Reach(2))

\
Reach(2) = [[labeling(1, 2)]]

#
(

\
Reach(1))

\
Reach(3) = [[labeling(1, 3)]]

#
(

\
Reach(1))

\
Reach(1) = [[x = 0]]

#
(

\
Reach(start)) t [[x = x+ 1]]

#
(

\
Reach(2))

\
Reach(2) = [[Pos(x < 100)]]

#
(

\
Reach(1))

\
Reach(3) = [[Neg(x < 100)]]

#
(

\
Reach(1))

op

#
= ↵ � op � �
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Recap II: Tarski’s Fixpoint Theorem and 
the Fixpoint Transfer Theorem 

1. INTRODUCTION

WCETH(P ) := max

i2Inputs
max

h2States(H)
ETH(P, i, h)

maximize c

T
x

subject to Ax  b

and x � 0

What is a CFG?

CFG G = (V,E, start, labeling)

start 2 V

E ✓ V ⇥ V

labeling : E ! Statement

Configurations:

s = (⇢, µ) 2 States

⇢ : Vars ! int

µ : N ! int

Transformation of configurations:

Assignment:

[[statement]] ✓ States⇥ States

[[R = e]] := {((⇢, µ), (⇢[R 7! [[e]]⇢], µ)) | (⇢, µ) 2 States}
[[R = M [e]]] := {((⇢, µ), (⇢[R 7! µ([[e]]⇢)], µ)) | (⇢, µ) 2 States}

[[M [e1] = e2]] := {((⇢, µ), (⇢, µ[[[e1]]⇢ 7! [[e2]]⇢])) | (⇢, µ) 2 States}
[[Pos(e)]] := {((⇢, µ), (⇢, µ)) | (⇢, µ) 2 States ^ [[e]]⇢ 6= 0}
[[Neg(e)]] := {((⇢, µ), (⇢, µ)) | (⇢, µ) 2 States ^ [[e]]⇢ = 0}

Evaluation of Expressions:

[[a]]⇢ := ⇢(a) if a 2 Vars

[[e1 ⌦ e2]]⇢ := [[e1]]⇢⌦ [[e2]]⇢

[[a < b]]⇢ :=

(
1 : [[a]]⇢ < [[b]]⇢

0 : otherwise

. . .

Transition system:

⌧ = (⌃, I, t)

I ✓ ⌃

t ✓ ⌃⇥ ⌃

⌃ := V⇥ States

I := {start}⇥ States

t :=

[

(v,v0)2E

�
((v, s), (v

0
, s

0
)) | (s, s0) 2 [[labeling(v, v

0
)]]

 

Reachability semantics:

Reach : V ! P(States)

Reach(start) = States

8v0 2 V \ {start} : Reach(v

0
) =

[

v2V,(v,v0)2E

[[labeling(v, v

0
)]](Reach(v))

Example reachability semantics:

Reach(1) = [[labeling(start, 1)]](Reach(start)) [ [[labeling(2, 1)]](Reach(2))

Reach(2) = [[labeling(1, 2)]](Reach(1))

Reach(3) = [[labeling(1, 3)]](Reach(1))

Reach(1) = [[x = 0]](Reach(start)) [ [[x = x+ 1]](Reach(2))

Reach(2) = [[Pos(x < 100)]](Reach(1))

Reach(3) = [[Neg(x < 100)]](Reach(1))

Reach(1) = {0} [ {v + 1 | v 2 Reach(2)}
Reach(2) = Reach(1) \ {. . . , 98, 99}
Reach(3) = Reach(1) \ {100, 101, . . . }

Knaster-Tarski Fixpoint Theorem:

Theorem 1 (Knaster-Tarski, 1955).

Assume (D,) is a complete lattice. Then every monotonic

function f : D ! D has a least fixed point d0 2 D.
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From Local to Global Correctness: 
Kleene Iteration 

≤

Idea for Correctness: Abstract Interpretation
Cousot, Cousot 1977

Establish a description relation ∆ between the concrete values and
their descriptions with:

x∆ a1 ∧ a1 " a2 ==⇒ x∆ a2

Concretization: γ a = {x | x∆ a}

// returns the set of described values
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Abstract Domain

Concrete Domain F

F#

≤

Idea for Correctness: Abstract Interpretation
Cousot, Cousot 1977

Establish a description relation ∆ between the concrete values and
their descriptions with:

x∆ a1 ∧ a1 " a2 ==⇒ x∆ a2

Concretization: γ a = {x | x∆ a}

// returns the set of described values
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Fixpoint Transfer Theorem 

↵ : P(Z) ! Z>
?

↵(A) :=

8
><

>:

> : |A| � 2

x : A = {x}
? : A = ;

Fixpoint transfer theorem:

Local consistency:

Let (L,) and (L

#
,#

) be two lattices, � : L

# ! L a

monotone function, and F : L ! L and F

# ! F

#
two

monotone functions, with

8l# 2 L

#
: �(F

#
(l

#
)) � F (�(l

#
)).

Then:

lfp F  �(lfp F

#
).

↵

2. REFERENCES

Local Correctness 

Global Correctness 

Fix(F) Fix(F#)

lfp F lfp F#
Properties of Complete Lattices 

Examples!?:

• The natural numbers ordered by the standard less-

than-or-equal relation: (N,).

• The set of subsets of a given set (its powerset) ordered

by the subset relation: (P(A),✓).

• The set of subsets of a given set (its powerset) ordered

by the subset relation: (P(A),◆).

• The natural numbers ordered by divisibility : (N, |).

• The vertex set V of a directed acyclic graphG = (V,E)

ordered by reachability (reflexive, transitive closure of

edge relation).

• The vertex set V of an arbitrary graph G = (V,E)

ordered by reachability.

• For a set X and a partially-ordered set P , the function

space F : X ! P , where f  g if and only if f(x) 
g(x) for all x in X.

Complete lattices:

A partially-ordered set (L,) is a complete lattice if every

subset A of L has both a least upper bound (denoted

F
A)

and a greatest lower bound (denoted

d
A).

Upper bound:

An element x is an upper bound of a set A if x if for every

element a of A, we have a  x.

Least upper bound:

x is the least upper bound of A, denoted

F
A, if

1. x is an upper bound of A,

2. for every upper bound y of A, we have x  y.

Examples least upper bounds:

Partially-ordered set (D,) A ✓ D

F
A

d
A

(N,) {1, 2, 3} ? ?

(R,) {x 2 R | x < 1} ? ?

(R,) {x 2 R | x  1} ? ?

(Q,) {x 2 Q | x2  2} ? ?

(N,) {x 2 N | x is odd} ? ?

Partially-ordered set (D,) A ✓ D

F
A

d
A

(P(N),✓) {{1, 2}, {2, 4, 5}} ? ?

(P(N),◆) {{1, 2}, {2, 4, 5}} ? ?

(N, |) {3, 4, 5} ? ?

(A ! N,) {f, g, h} ? ?

Properties of complete lattices:

Every complete lattice (D,) has

• a least element (bottom element): ? =

F
;, and

• a greatest element (top element): > =

F
D.
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g(x) for all x in X.
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and a greatest lower bound (denoted
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An element x is an upper bound of a set A if x if for every
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F
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by the subset relation: (P(A),✓).

• The set of subsets of a given set (its powerset) ordered
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ordered by reachability (reflexive, transitive closure of
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• For a set X and a partially-ordered set P , the function

space F : X ! P , where f  g if and only if f(x) 
g(x) for all x in X.
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A partially-ordered set (L,) is a complete lattice if every

subset A of L has both a least upper bound (denoted

F
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and a greatest lower bound (denoted
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A).

Upper bound:

An element x is an upper bound of a set A if x if for every

element a of A, we have a  x.
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x is the least upper bound of A, denoted
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A, if
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2. for every upper bound y of A, we have x  y.

Examples least upper bounds:
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(N, |) {3, 4, 5} ? ?
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≤

Idea for Correctness: Abstract Interpretation
Cousot, Cousot 1977

Establish a description relation ∆ between the concrete values and
their descriptions with:

x∆ a1 ∧ a1 " a2 ==⇒ x∆ a2

Concretization: γ a = {x | x∆ a}

// returns the set of described values
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Overview: Numerical Abstractions 

Refinement of abstractions

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 73 — ľ P. Cousot, 2005

Approximations of an [in]finite set of points:
from above

x

y

f: : : ; h19; 77i; : : : ;
h20; 03i; : : :g

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 74 — ľ P. Cousot, 2005

Approximations of an [in]finite set of points:
from above

x

y f: : : ; h19; 77i; : : : ;

h20; 03i; h?; ?i; : : :g

From Below: dual 3 + combinations.

3 Trivial for finite states (liveness model-checking), more difficult for infinite states (variant functions).

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 75 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Signs 4

x

y

x – 0
y – 0

4 P. Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL’79, pp. 269–282,
1979.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 76 — ľ P. Cousot, 2005



Overview: Numerical Abstractions 
Signs (Cousot & Cousot, 1979) 

Refinement of abstractions

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 73 — ľ P. Cousot, 2005

Approximations of an [in]finite set of points:
from above

x

y

f: : : ; h19; 77i; : : : ;
h20; 03i; : : :g

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 74 — ľ P. Cousot, 2005

Approximations of an [in]finite set of points:
from above

x

y f: : : ; h19; 77i; : : : ;

h20; 03i; h?; ?i; : : :g

From Below: dual 3 + combinations.

3 Trivial for finite states (liveness model-checking), more difficult for infinite states (variant functions).

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 75 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Signs 4

x

y

x – 0
y – 0

4 P. Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL’79, pp. 269–282,
1979.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 76 — ľ P. Cousot, 2005



Overview: Numerical Abstractions 
Intervals (Cousot & Cousot, 1976) 
Effective computable approximations of an
[in]finite set of points; Intervals 5

x

y

x 2 [19; 77]
y 2 [20; 03]

5 P. Cousot & R. Cousot. Static determination of dynamic properties of programs. Proc. 2nd Int. Symp. on
Programming, Dunod, 1976.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 77 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Octagons 6

x

y

8
>>><

>>>:

1 » x » 9
x+ y » 77
1 » y » 9
x` y » 99

6 A. Miné. A New Numerical Abstract Domain Based on Difference-Bound Matrices. PADO ’2001.
LNCS 2053, pp. 155–172. Springer 2001. See the The Octagon Abstract Domain Library on
http://www.di.ens.fr/~mine/oct/

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 78 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Polyhedra 7

x

y

19x+ 77y » 2004
20x+ 03y – 0

7 P. Cousot & N. Halbwachs. Automatic discovery of linear restraints among variables of a program. ACM
POPL, 1978, pp. 84–97.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 79 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Simple

congruences 8

x

y

x = 19 mod 77
y = 20 mod 99

8 Ph. Granger. Static Analysis of Arithmetical Congruences. Int. J. Comput. Math. 30, 1989, pp. 165–190.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 80 — ľ P. Cousot, 2005



Overview: Numerical Abstractions 
Octagons (Mine, 2001) 

Effective computable approximations of an
[in]finite set of points; Intervals 5

x

y

x 2 [19; 77]
y 2 [20; 03]

5 P. Cousot & R. Cousot. Static determination of dynamic properties of programs. Proc. 2nd Int. Symp. on
Programming, Dunod, 1976.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 77 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Octagons 6

x

y

8
>>><

>>>:

1 » x » 9
x+ y » 77
1 » y » 9
x` y » 99

6 A. Miné. A New Numerical Abstract Domain Based on Difference-Bound Matrices. PADO ’2001.
LNCS 2053, pp. 155–172. Springer 2001. See the The Octagon Abstract Domain Library on
http://www.di.ens.fr/~mine/oct/

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 78 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Polyhedra 7

x

y

19x+ 77y » 2004
20x+ 03y – 0

7 P. Cousot & N. Halbwachs. Automatic discovery of linear restraints among variables of a program. ACM
POPL, 1978, pp. 84–97.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 79 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Simple

congruences 8

x

y

x = 19 mod 77
y = 20 mod 99

8 Ph. Granger. Static Analysis of Arithmetical Congruences. Int. J. Comput. Math. 30, 1989, pp. 165–190.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 80 — ľ P. Cousot, 2005



Overview: Numerical Abstractions 
Polyhedra (Cousot & Halbwachs, 1978) 

Effective computable approximations of an
[in]finite set of points; Intervals 5

x

y

x 2 [19; 77]
y 2 [20; 03]

5 P. Cousot & R. Cousot. Static determination of dynamic properties of programs. Proc. 2nd Int. Symp. on
Programming, Dunod, 1976.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 77 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Octagons 6

x

y

8
>>><

>>>:

1 » x » 9
x+ y » 77
1 » y » 9
x` y » 99

6 A. Miné. A New Numerical Abstract Domain Based on Difference-Bound Matrices. PADO ’2001.
LNCS 2053, pp. 155–172. Springer 2001. See the The Octagon Abstract Domain Library on
http://www.di.ens.fr/~mine/oct/

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 78 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Polyhedra 7

x

y

19x+ 77y » 2004
20x+ 03y – 0

7 P. Cousot & N. Halbwachs. Automatic discovery of linear restraints among variables of a program. ACM
POPL, 1978, pp. 84–97.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 79 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Simple

congruences 8

x

y

x = 19 mod 77
y = 20 mod 99

8 Ph. Granger. Static Analysis of Arithmetical Congruences. Int. J. Comput. Math. 30, 1989, pp. 165–190.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 80 — ľ P. Cousot, 2005

à Very Expensive… 



Overview: Numerical Abstractions 
Simple and Linear Congruences (Granger, 
1989+1991) 

Effective computable approximations of an
[in]finite set of points; Intervals 5

x

y

x 2 [19; 77]
y 2 [20; 03]

5 P. Cousot & R. Cousot. Static determination of dynamic properties of programs. Proc. 2nd Int. Symp. on
Programming, Dunod, 1976.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 77 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Octagons 6

x

y

8
>>><

>>>:

1 » x » 9
x+ y » 77
1 » y » 9
x` y » 99

6 A. Miné. A New Numerical Abstract Domain Based on Difference-Bound Matrices. PADO ’2001.
LNCS 2053, pp. 155–172. Springer 2001. See the The Octagon Abstract Domain Library on
http://www.di.ens.fr/~mine/oct/

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 78 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Polyhedra 7

x

y

19x+ 77y » 2004
20x+ 03y – 0

7 P. Cousot & N. Halbwachs. Automatic discovery of linear restraints among variables of a program. ACM
POPL, 1978, pp. 84–97.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 79 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Simple

congruences 8

x

y

x = 19 mod 77
y = 20 mod 99

8 Ph. Granger. Static Analysis of Arithmetical Congruences. Int. J. Comput. Math. 30, 1989, pp. 165–190.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 80 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Linear

congruences 9

x

y

1x+ 9y = 7 mod 8
2x` 1y = 9 mod 9

9 Ph. Granger. Static Analysis of Linear Congruence Equalities among Variables of a Program.
TAPSOFT ’91, pp. 169–192. LNCS 493, Springer, 1991.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 81 — ľ P. Cousot, 2005

Effective computable approximations of an
[in]finite set of points; Trapezoidal lin-

ear congruences 10

x

y


1x+ 9y 2 [0; 77] mod 10
2x` 1y 2 [0; 99] mod 11

10 F. Masdupuy. Array Operations Abstraction Using Semantic Analysis of Trapezoid Congruences. ACM
ICS ’92.

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 82 — ľ P. Cousot, 2005

Refinement of iterates

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 83 — ľ P. Cousot, 2005

Graphic example: Refinement required
by false alarms

x(t)

t

!"#$%&&'()*"('

!+,-')+,+#.-

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 84 — ľ P. Cousot, 2005
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Numerical Abstractions 

Which abstraction is the most precise? 

Depends on questions you want to answer!  
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Characteristics of Non-relational Domains 

¢  Non-relational/independent attribute 
abstraction: 
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: �(F

#
(l

#
)) � F (�(l

#
)).

Then:

lfp F  �(lfp F
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The Interval Domain 

Abstracts sets of values by enclosing interval 
 
where     is appropriately extended from           to  
 
Intervals are ordered by inclusion: 
 
 
 

       forms a complete lattice.  
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Interval Arithmetic 

Calculating with Intervals:  
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Example reachability semantics:

\
Reach(1) = [[labeling(start, 1)]]

#
(

\
Reach(start)) t [[labeling(2, 1)]](

\
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\
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\
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Fixpoint transfer theorem:

Local consistency:

Let (L,) and (L

#
,#

) be two lattices, � : L

# ! L a

monotone function, and F : L ! L and F

# ! F

#
two

monotone functions, with

8l# 2 L

#
: �(F

#
(l

#
)) � F (�(l

#
)).

Then:

lfp F  �(lfp F

#
).

Non-relational abstraction:

(P(Z),✓) ���! ���↵
�

(Numerical,v)

(P(Vars! Z),✓) ���! ���
↵1

�1
(Vars! P(Z),) ���! ���

↵2

�2
(Vars! Numerical,v)

↵2(f) := �x 2 Vars.↵(f(x))

�2(f
#
) := �x 2 Vars.�(f

#
(x))

Interval domain:

Interval = {[l, u] | l  u, l 2 Z[{�1}, u 2 Z[{1}}[{?}

Z⇥ Z

to

(Z [ {�1})⇥ (Z [ {1})

(Interval,v)

? v x 8x 2 Interval

[l, u] v [l

0
, u

0
] if l

0  l ^ u  u

0

�(?) = ;
�([l, u]) = {n 2 Z | l  n  u}

↵(;) = ?
↵(S) = [inf S, supS]

x 7! [0, 0]

x 7! [0, 1]

x 7! [0, 1000]

[a, b] + [c, d] = [a+ c, b+ d]

[a, b] � [c, d] = [a� d, b� c]

[a, b] ⇤ [c, d] = [min(ac, ad, bc, bd),max(ac, ad, bc, bd]

[a, b] / [c, d] = [a, b] ⇤ [1/d, 1/c], 0 62 [c, d]
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