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Recap |: Galois Connections and Best
Abstract Transformer

Notion of Galois connections:

Let (L, <) and (M, C) be partially ordered sets and o €

L—-M,veM— L. We call (L, <) 9%—) (M,C) a Galois
connection if & and vy are monotone functions and

l < v(a(l)
a(y(m)) E  m
foralll € L and m € M.
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Let (L, <) and (M, C) be partially ordered sets and o €

L—-M,veM— L. We call (L, <) % (M,C) a Galois
connection if @ and v are monotone functions and

l < (a(l))

Why monotone?

a(y(m)) E  m
foralll € L and m € M.

L,<) (M, C)

Graphically:

For precision.

For soundness.




Galois connections: Properties

) (M, E)

Graphically: (&<

Properties:
1) Can be used to systematically construct correct (and in fact the
most precise) abstract operations: op™ = a o opory
2) a) Abstraction function uniquely determines concretization function
b) Concretization function uniquely determines abstraction function



Recap Il: Tarski's Fixpoint Theorem and
the Fixpoint Transfer Theorem

THEOREM 1  (KNASTER-TARSKI, 1955).
Assume (D, <) is a complete lattice. Then every monotonic

function f : D — D has a least fixed point dg € D.



From Local to Global Correctness:
Kleene lteration

Abstract Domain > - > e -

7|
j > >

Concrete Domain Q F >©L> - _F>©




Fixpoint Transfer Theorem

Let (L,<) and (L#,<%) be two lattices, v : L¥ — L a
monotone function, and F : L — L and F* — F7 two
monotone functions, with

VI" € L7 : y(F7(17)) > F(v(I7)).

Then: \

4 Local Correctness
ifp F <~(ifp F7).

\ Global Correctness
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Overview: Numerical Abstractions
Intervals (Cousot & Cousot, 1976)

T € |19, 77]
{ y € [20, 03]




Overview: Numerical Abstractions
Octagons (Mine, 2001)

(1<z2<9
z+y <77
1<y <9
\a:—y§99




Overview: Numerical Abstractions
Polyhedra (Cousot & Halbwachs, 1978)

19z + 77y < 2004
20z +03y > 0

- Very Expensive...



Overview: Numerical Abstractions
Simple and Linear Congruences (Granger,

1989+1991)
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Partial Order of Abstractions

Relational domains
Polyhedra

Octagons Linear Congruences

!

I
}"Q Simple Congruences

Constants Signs Parity
Independent attribute/non-relational domains




Characteristics of Non-relational Domains

o Non-relational/independent attribute
abstraction:

Abstract each variable separately

(P(Z),C) & (NUMERICAL, C)

(8

Maintains no relations between variable values

o Can be lifted to an abstraction of valuations of
multiple variables in the expected way:

(P(Vars — Z),C) —>ﬂ —— (Vars — P(Z), <) <7—72> (Vars — NUMERICAL, C)

a1 - a2

as(f) := Az € Vars.a(f(z)) (%) := Xz € Varsy(f¥(x))



The Interval Domain

Abstracts sets of values by enclosing interval
INTERVAL = {[l,u] | | < u,l € ZU{—00},u € ZU{oco}}U{ L}
where < is appropriately extended from Z x Z to (Z U {—o0}) x (Z U {0})

Intervals are ordered by inclusion:
1 Cx Vx & INTERVAL

Lu T[] ifl! <Inu<ad

(INTERVAL, C) forms a complete lattice.



Concretization and Abstraction of Intervals

o Concretization:
y(L) =0
Y({l,ul) ={n € Z |l <n < u}
o Abstraction:
a(f) = L
a(S) = [inf S, sup 5]

They form a Galois connection.



Interval Arithmetic

Calculating with Intervals:

a, b]
a, b]
a, b]
a, b]

_|_

¢, d]
¢, d]
¢, d]
¢, d]

a+ ¢, b+ d]
a —d,b— (]
'min(ac, ad, be, bd), max(ac, ad, be, bd]

a,b] % [1/d,1/c],0 & |c, d]
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x =2 [0,0]
y =2 top

x 2> [1,1]
y =2 top

x >[1,1]
y 2[22]




Example: Interval Analysis

x 2[0,1] x =2 [0,0]
y 2[33] y->top

x 2[0,1] x =2 [0,0]
y 2[33] y->top

x>[1,2] x=2>[1,1]
y 2[33] y=>top

x>[1,2] x>[11]
y2[24] y=>[22]
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Example: Interval Analysis

x=0

x2[03] x-=>[02] x=2[0,1 x =2[00] x 2 [3,3]
y=2[37] y=2[85 y=2[33 y=>top y 2> [3,7]

x=>[02] x-=>[01] x-=>[00]

y=>[35] y=>[33] y-=>top

Imprecise
x>[1,3] x>[12] x=>[11] ,f/;:tlfgnf;n-
2> fo

y=>[35 y=>I[33 Y p analysis

x=>[1,3] x=2>[1,2] x=>[11]

y=21[26] y=>[24] y=2[22]




Example: Interval Analysis

x >[0,3] x=>[02]
y>[37] y=2[35]

x =>[0,2]
y 2 [3,5]

x >[1,3]
y 2[3,9]

x >[1,3]
y 2 [2,6]

x >[0,1]
y 2[3,3]

x >[0,1]
y 2[3,3]

x >[1,2]
y 2[33]

x >[1,2]
y 2[2,4]

x 2 [0,0]
y =2 top

x 2 [0,0]
y =2 top

x 2> [1,1]
y =2 top

x >[1,1]
y 2[2,2]

x 2 [3,3]
Neg(x < 3)]

o= y > [37]
Imprecise
due to non-
relational
analysis

Would Octagons

determine that y must be
/7 at program point 57
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