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Exercise 2.1: Partial Order (10 = 3+2+2+3 Points)
Prove or disprove whether the following binary relations are partial orders.

1. Reachability of vertices (reflexive, transitive closure of the edge relation) in an directed, acyclic graph
G = (V,E) with vertex set V and edge relation E.

2. Reachability of vertices in a directed graph G = (V,E) with vertex set V and edge relation E.

3. Reachability of vertices in an undirected graph G = (V,E) with vertex set V and edge relation E.

4. For a set X and a partially-ordered set P , the function space F : X → P , where f ≤ g if and only if
f(x) ≤ g(x) for all x in X .

Exercise 2.2: Monotone Functions (13 = 3+4+3+3 Points)
1. Which of the following functions are monotone (under the natural order ≤)? Justify your answers.

• f : N→ N, f(x) = x+ 1

• g : N→ N, f(x) = 0

• h : N→ N, f(x) = 5 · x
• i : N→ N, f(x) = x mod 5

• j : N→ N, f(x) = bx/5c

2. Given A = P(N) and B = N, choose partial orders for A and B, and find two functions f, g : A→ B such
that f is monotone under the chosen order and g is not.

3. Let f : P → Q and g : Q→ R be monotone functions. Prove that the function composition g ◦ f : P → R
is also monotone.

4. Find an order such that F (X) = {f(x) | x ∈ X} is a monotone function. Give a proof for your answer.

→ Continued on next page

1



Exercise 2.3: Complete Lattices (9 = 3+3+3 Points)
Let | be the relation of divisibility: a|b ⇔ ∃t ∈ N \ {0}, a · t = b. Which of the following are complete lattices?
Justify your answers.

1. (N, |)

2. (N \ {0}, |)

3. (N \ {0} ∪ {∞}, |), where ∀t : t · ∞ =∞ · t =∞

Exercise 2.4: Complete Lattices (7 Points)
Which of the following Hasse diagrams represent complete lattices?
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